The concept of complex valued bivariate entire functions of bounded index is extended to C n valued bivariate entire functions by replacing the absolute value in the definition of an entire function of bounded index by the maximum of the absolute values of the components. If the components of a C n -valued bivariate entire function are of bounded index, then the function is also of bounded index. We present sufficient conditions providing index boundedness of bivariate vector-valued entire solutions of certain system of partial differential equations.
Introduction. If f (z, w) is a bivariate entire function then at a point (a, b) ∈ C
2 the function f (z, w) has a bivariate Taylor expansion
where
If the bivariate series is absolutely convergent then lim k,l |c kl | = 0. Similar to Gross ( [6] ) we presented in [9] [10] [11] the following notion of bivariate entire function of bounded index. Definition 1. A bivariate entire function f is said to be of bounded index provided that there exist integers M and N independent of z and w such that
for all i and j.
We shall say that f is of index (M, N ) if N ad M are the smallest integers for which above inequality holds. But it leads to the following question: What is the index of the function of f if the corresponding inequality holds for (N, M ) and (M, N )? Thus, the index of the function is not uniquely defined. It is better to define an index of a bivariate function as height of the vector (N, M ) i.e. N + M . The least such integer N + M is called the index of the function f and is denoted by N (f ). A bivariate entire function which is not of bounded index is said to be of unbounded index. The primary definition of entire function of several variables of bounded index was introduced in [1] . Next, for simplicity the case of bivariate entire functions is considered in [14, 15] .
In this paper, we are concerned with one possible extension of this concept to vectorvalued bivariate functions. Let A T be a transpose of a n × n matrix A. If f i (z, w) i = 1, 2, . . . , n, are complex-valued bivariate entire functions, then
is a C n -valued bivariate entire vector function and we write
2. Main Result.
Definition 2. A vector valued bivariate entire function F (z, w) is said to be of bounded index provided that there exist integers M and N independent of z and w such that
The least such integer N + M is called the index of the vector function F and is denoted by N (F ).
A concept of bounded index for vector-valued entire function of one variable (i.e. an entire curve) is considered in [7, 12, 13] . Particularly, they presented examples of entire curves of bounded index without all of their components being of bounded index. Also there are two papers about analytic curves of bounded l -index ( [5, 16] ). The mentioned papers are devoted to analytic theory of systems of ordinary differential equations. But we will study entire functions F : C 2 → C n and our definition of bounded index uses partial derivatives as in recent papers about L-index in joint variables ( [2, 3] ). Note that there is another multidimensional approach using directional derivatives in the definition so called functions of bounded L-index in direction ( [4] ). It is possible to use various norms in inequality (1). Particularly, instead the sup-norm we can consider the Euclidean norm. But M. Bordulyak and M. Sherementa ( [5] ) proved that an analytic curve F : D R → C n is of bounded lindex by the sup-norm if and only if F is of bounded l-index by the Euclidean norm, where
Therefore, we will consider only the sup-norm.
Therefore, (1) is satisfied.
If A = [a ij ] is an n × n matrix, we use the norm 
where A 10 , A 01 are constant n × n matrices, then F (z, w) is an entire function of bounded index with index N (F ) ≤ P where
Proof. For all integers p ≥ 1 and q ≥ 1 and all (z, w) ∈ C 2 we have
In the proof of Theorem 2 we need the following lemma. 
Theorem 2. Let f (z, w) be a transcendental entire bivariate function and satisfying the system of partial differential equations
where 
Now since degree of P 00 is greater than degree of P kj in each variable, k = 0., 1, 2, . . . , m; j = 0, 1, 2, . . . , n, there exist K > 0, R > 0 and Q > 0 such that and for all |z| ≥ R and |w| ≥ Q. Thus,
for |z| > R and |w| > Q. Hence, for
for |z| ≥ R and |w| ≥ Q. Similarly, it can be proved that
These inequalities hold for all |z| < R and |w| < Q. Choosing S ≥ max{S 1 , S 2 } by Lemma 2, we have f is bounded index.
Theorem 3. If a vector valued bivariate entire function
are vector valued polynomials.
Proof. Let p and q be two nonnegative integers such that ∥A 10 ∥ ≤ (p + 1) and p − 1 ≥ max 1≤i≤n degr i1 , ∥A 01 ∥ ≤ (q + 1) and q − 1 ≥ max 1≤i≤n degr i2 . Then
for all integers m ≥ 1 and n ≥ 1 and all (z, w) ∈ C 2 . Therefore,
and so
Theorem 5. If F : C 2 → C n is an entire solution of the following system of partial differential equations 
